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Identity trees with bounded maximum degree play a fundamental role in applications-oriented 
problems, especially when the trees are classified by their diameters. This paper offers results 
related to enumeration of such tree classes obtained by extending the methods of Gordon and 
Kennedy [The counting and coding of trees of fixed diameter, SIAM J. Appl. Math. 28 376-398 
(1975)]. We set our results into the context of other enumerative work on identity trees. 
We derive formulae for the numbers of identity trees of various types, with fixed diameter and 
maximum degree. This then leads to asymptotic formulae (for large diameter). By combining 
these with formulae derived by Gordon and Kennedy [lot. cit.] we obtain the asymptotic fractions 
of identity trees among trees in various classes. These fractions are juxtaposed with asymptotic 
results that have appeared elsewhere. 
Our final section derives algorithms for integer coding and decoding identity trees in a way that 
is highly convenient for computer applications. 
1. Introduction 
The enumeration results obtained by Gordon and Kennedy [l] for trees and 
rooted trees having specified diameter and fixed maximum degree are of interest 
because diameter and degree are both chemically significant variables in chemical 
applications of graph theory [l-5]. In addition, the derivation of these results led 
to an algorithm by means of which trees in a given class could be assigned an integer 
code computable by simple formulae and decodable with equal facility by solving 
appropriate diophantine equations. Any integer coding is, of course, a complete 
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ordering of the trees of a given class but it was shown that the ordering in [l] 
embodies two partial ordering properties desirable for chemical (and other, e.g. 
sorting) purposes [4,6,7] namely: 
(i) the trees appear in order of increasing diameter, and 
(ii) each tree is preceded by all of its subtrees in the given class. 
Many classes of trees can be readily enumerated by the methods used in [ 11. Some 
classes, such as trees with prescribed symmetry, cannot be enumerated in this way. 
For the case of trees having identity automorphism group (identity trees), however, 
the methods of [l] require only minor modifications. Because identity trees play a 
fundamental role in a number of problems [8-121, it is worthwhile to present these 
modifications to the analysis of [l] and obtain analogous enumeration and coding 
results. By combining the asymptotic formulae obtained here with the results in [l] 
we obtain the asymptotic fraction of trees in a given class which are identity trees. 
This is done for planted, rooted and unrooted (i.e. free) trees. The fraction obtained 
(i) is expressed in terms of the diameter and maximum degree, (ii) (clearly) goes to 
zero as the (root-)diameter tends to 00, and (iii) is inversely proportional to a power 
of the number of planted trees with the same maximum degree. This behaviour is 
compared to results for which the basic parameter is the number of points in the 
tree rather than diameter. The integer coding/decoding formulae for identity trees, 
like those in [l], also comply with the two partial ordering properties mentioned 
above. 
2. Preliminaries 
For convenience we shall define most of the graph theoretical terms that we use 
in what follows. Terms which are not defined here can be found in [l, 13 or 141. 
A tree is a connected graph which has no cycles. An f-tree is a tree whose every 
point has degree 5 f. A tree is called rooted if it has one point, its root, distinguished 
from the others. A rooted tree is called a planted tree, if its root has degree 1. 
Trees whose automorphism group is the identity group are called identity trees. 
Note that the automorphisms of rooted trees are root invarient (that is, preserve the 
root) so that identity rooted-trees are not necessarily identity trees if the root label 
is removed. 
The diameter of a tree is the length (number of lines) of a longest path between 
two points of the tree. The root-diameter of a rooted tree is the length of a longest 
path between the root and some other point of the tree. 
A construction which we use often is that of compounding a set of rooted trees. 
The k rooted trees T,, T2, . . . , T, with roots x1,x2, . . . , xk are said to be compounded 
to produce the rooted tree T with root x by identifying the k roots of the given trees 
into a single point x, (see [ 1,8 or 121 for illustrations). 
In most cases a class of trees is constructed by compounding distinct sets of 
planted trees of appropriate type. The counting and coding results in [l] were based 
on constructions using sets of not necessarily distinct planted-trees. This specifica- 
C. W. Haigh, J. W. Kennedy, L. V. Quintas 143 
tion does not, however, enable trees to be constructed with prescribed symmetries. 
In particular, identity trees have to be constructed by compounding sets of distinct 
identity planted-trees. The results of [l] have to be modified accordingly. 
Trees with automorphism group equal to S4, the symmetric group of order q, 
can be similarly constructed by compounding sets of identity rooted trees of which 
exactly q of them are isomorphic. Consequently the methods used here for identity 
(rooted) trees can be extended to S, (rooted) trees although we do not pursue this 
further here; but see [5], [8], [9] and [12]. 
We remark finally that our interest here concerns only f-trees. A (l,f)-tree is a 
tree in which every point has degree 1 orfand these trees were included in [l]. Iden- 
tity (l,f)-trees, however, pose no interesting problems since for all f >2 the only 
identity rooted (1, f)-trees are the isolated root (0) and the rooted complete graph 
K, (I). The only identity (unrooted) (1, f)-tree is the isolated point (K,). When 
f = 2 we point out that every (1,2)-tree is also (trivially) a 2-tree and: 
(i) there is exactly one identity planted (1,2)-tree of root-diameter r (= 1,2, . . . ) 
and this is realised by P,_(r), the path of length r rooted on an end-point, 
(ii) there are exactly r identity rooted (1,2)-trees of root-diameter r (= 1,2, . . . ) 
comprising the set of trees obtained by compounding P,(r) with P,(k) for each 
k=O 1 9 7 . . . . r-l, 
(iii) there are no identity (unrooted) (1,2)-trees. 
3. Identity planted f-trees having fixed root-diameter 
Let uf(r) denote the number of identity planted f-trees having root-diameter 5 r. 
First note that 
Sf(O) = 0, 
of(r) =q(r)--q(r-l), rzl. 
(3.1) 
Second note that every identity planted f-tree having root-diameter I r can be 
uniquely constructed by compounding a planted Kz (the two point tree) with 
k=0,1,2 ,..., or (f - 1) distinct identity planted f-trees having root-diameter I 
(r- 1) and then rerooting the resultant tree at the endpoint contributed by K2. 
Observe that k= 0 produces the planted K2. Thus, the number of such trees is 
sf(r) = C 111 (sf(\el)), r21. (3.2) 
For comparison with [l; Table 1, p. 3801 we list some values of sf(r) in Table 1 
and show in Figs. 1 and 2 drawings of some of the associated trees (cf. [I; Figs. 2 
and 3, pp. 381-3821). Note that in [l], for technical reasons, the one point tree K, 
is considered a planted tree whereas here K, is not considered as such. However, K, 
is included as an identity rooted tree and as an identity free tree. 
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Table I 
The number, s/(r), of distinct identity planted f-trees of root-diameter 5 r (eq. (3.2)) 
r f=3 f=4 f=5 f=6 f=l f=8 f=9 f=lO 
1 1 1 1 1 1 1 1 1 
2 2 2 2 2 2 2 2 2 
3 4 4 4 4 4 4 4 4 
4 11 15 16 16 16 16 16 16 
5 61 576 2,517 6,865 14,893 26,333 39,203 50,643 
6 2,219 3 I ,850,977 
7 2,598,061 
8 3,374,961,778,892 
r=l 
r=2 
r=3 
r=4 
i 
5 
(3,O) 
8 
1 2 
(1,O) 
I 3 
(2,O) 
I v 6 
4 
(3,1) 
k 9 
4 
(4,1) 
w 11 
(4,3) 
T 
v 4 
4 
(2,1) 
v 7 
(32) 
v 10 
(4,2) 
Fig. 1. Identity planted 3-trees of root-diameter r~4, arranged in order of their integer codes (Section 9), 
shown to the right of each tree. Below each tree is given the corresponding sequence of integer codes for 
the set of identity planted 3-trees from which each is compounded. 
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Fig. 2. Identity planted 4-trees of root-diameter ~54, showing their integer codes and corresponding 
sequences, (cf. Fig. 1, also [I; Fig. 31). 
We remark that 
(3.3) 
where ts(r) is the number of planted 3-trees of root-diameter I r [l]. Consequently 
us@+ 1) =u3(r), the number of 3-trees with root-diameter r, and the sequence 
{ u3(r) : r = 2,3, . . . } is sequence #7 18 in Sloane’s Handbook [ 151 as mentioned in a 
footnote to [l]. 
No such relationship was found for f> 3 and neither of the sequences sJ(r) nor 
their first differences (viz. of(r)) correspond to known sequences collected by 
Sloane [15]. 
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4. Identity rooted f-trees having fixed root-diameter 
Every identity rootedf-tree having root-diameter I r can be uniquely constructed 
by compounding Kt with k = 0, 1,2, . . . , or f distinct identity planted f-trees having 
root-diameter I r. Note that k = 0 produces Kt , k = 1 produces the identity planted 
f-tree and, in general, the construction produces the identity rooted f-tree having 
root-degree k. Thus, the number We of identity rooted f-trees having root- 
diameter r is 
W-(O) = 1, 
Wr(r) = f: kzO [(Y)) - (“7 (4.1) 
Since sf (r) - sr(r- 1) = uf (r) (eq. (3. l)), a little thought will show that result (4.1) 
can be rewritten as 
wf<r> = i ,=, (o,;‘>(s/(;--l)) (4.2) 
which can be interpreted as a prescription for constructing the set Q of all distinct 
identity rooted f-trees with root-diameter = r as the union of the disjoint sets Q, 
obtained by compounding f distinct identity planted f-trees such that exactly 1 of 
them have root-diameter = r and (f-r) of them have root-diameter < r. 
Furthermore, by rewritting (4.1) thus: 
wf@)= c 
1;: i(sf~‘)_(sf’l;-“)l+(sf~))_(“‘;-“) 
and using eq. (3.2) we have also that 
Wf(r) = uf(r+l)+ (“:‘I) _ (s/t;--1)) (4.3) 
which may again be interpreted as a prescription for constructing 52 as the union 
of (a) the set of uf(r+ 1) identity rooted f-trees with root-degree 5 f - 1 and root- 
diameter r obtained by rerooting each of the identity plantedf-trees of root-diameter 
r+ 1 at their first order branch points and then deleting the original roots; and (b) 
the set of 
(“:“) _ (s/(;--1)) 
identity rooted f-trees with root-diameter r and root-degree = f. 
Table 2 gives values of Wf (r) for comparison with the numbers of rooted f-trees 
with root-diameter r but which are not necessarily identity trees [ 1; Table 2, p 3801. 
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Table 2 
The number, Wf(r), of distinct identity rooted f-trees of root-diameter r (eqs. (4.1-4.3)) 
r f=3 f=4 f=5 f=6 f=l f=8 f=9 f=lO 
0 1 1 1 1 1 1 1 1 
1 1 1 1 1 1 1 1 1 
2 2 2 2 2 2 2 2 2 
3 11 12 12 12 12 12 12 12 
4 217 1,925 6,869 14,857 37,757 39,187 50,627 58,635 
5 49,952 4,570,696,635 
6 1,972,745,656 
Table 3 
The number, If(d), of distinct identity f-trees of diameter d* 
d r f=3 f=4 f=5 f=6 f=7 f=S f=9 f=lO 
0 - 1 1 
1 1 0 0 
2 1 0 0 
3 2 0 0 
4 2 0 0 
5 3 1 1 
6 3 4 4 
7 4 21 55 
8 4 140 1,860 
9 5 1,540 157,080 
10 5 46,200 4,570,373,520 
1 1 1 1 1 1 
0 0 0 0 0 0 
0 C 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
1 1 1 1 1 1 
4 4 4 4 4 4 
66 66 66 66 66 66 
6,687 14,685 26,125 39,995 52,432 69.443 
*If d is even, then d = 2r and If(2r) is given by eq. (5.1). 
If d is odd, then d = 2r- 1 and If@- 1) is given by eq. (5.2). 
5. Identity (free) f-trees having fixed diameter 
Let If(d) denote the number of identityf-trees with diameter d. There are two 
cases: 
(i) d is even (=2r). Such trees are monocentered and are uniquely constructed by 
compounding k = 2,3 , . . , , f distinct identity planted f-trees having root-diameter r 
with j = 0, 1, . . . , f - k distinct identity plantedf-trees having root-diameter I (r- 1). 
Thus: 
(5.1) 
(ii) d is odd ( = 2r - 1). The trees in this case are bicentered and are uniquely con- 
structed by compounding 2 distinct identity planted f-trees having root-diameter r 
and then suppressing the resultant identified point. Thus 
zf(2r- 1) = uf 09 
( > 2 . 
(5.2) 
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.-L--9 
(8,5) 
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12 
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(11,6) 
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(9,7) 
_-lLL- 17 
(IO,61 
++LiL 20 
(10,9) 
n-h-m23 
(11,7) 
_-Lb.-L,, 
(11,lO) 
Fig. 3. Identity 3-trees of diameter ds7, showing their integer codes and corresponding sequences of 
codes for the set of identity planted 3-trees from which each is compounded; cf. Figs. 1 and 2. 
Values for the identity f-trees are given in Table 3 for comparison with the 
numbers of f-trees which are not necessarily identity trees [l; Table 3, p. 3851. 
Drawings of identityf-trees with f= 3 and f= 4 and with diameters up to d = 7 are 
given in Figs. 3 and 4 [cf. 1; Figs. 4 and 5, pp. 383-3841. 
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(12,6) 
J-b-33 
(12,lO) 
(11,lO) 
J--H-,, 
(12,8) 
Fig. 4. Identity 4.trees of diameter 5 7, showing their codes and corresponding sequences of codes for 
the set of identity planted 4.trees from which each is compounded; cf. Figs. 2 and 3. 
6. Asymptotic results for identity f-trees with fixed diameter 
In this section we shall draw freely upon the results of Gordon and Kennedy [l] 
to obtain asymptotic formulae for the enumeration of the various classes of identity 
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Fig. 4. (contd.). 
f-trees considered in the preceding sections. In Section 7 we shall compare these 
results with the corresponding formulae, obtained in [l], for f-trees unrestricted 
with respect to their automorphism group structure. As a result we shall obtain for 
each class the asymptotic fraction of f-trees that are identity f-trees as a function 
of (root-)diameter. 
First, we need the result that for large x: 
X 0 Xb b -Z’ (6.1) 
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The analysis of errors introduced by replacing the binomial coefficient with the 
asymptotic result (6.1) is almost identical to that given in [I; eq. (32), p. 3921. The 
only difference here is that the sign in the error term is (-l)b-l. Using this it is 
possible, as was done in [l; Table 4, p. 3921, to compute the magnitude of x that 
results in a given percentage error for various values of b. 
Using (6.1), we have at once from (3.2) that for identity plantedf-trees with root- 
diameter I r: 
/-l +(r- l)k _ sf(‘-q)f-l 
Sf(‘) - c 
k=O k! (f-l)! . 
We note that result (6.2) is of the same form 
number of planted f-trees with root-diameter 
yields’ : 
Sf(‘) - 
sf(Zid)(f- l)‘-Q 
n;;f-“d (f- l)!W’)’ 
(6.2) 
as [l; (33), p. 3921 for tf(n), the 
I n. Thus, this recursive result 
(6.3) 
where qd is the smallest diameter for which (6.1) represents an acceptable approxi- 
mation (cf. [l; (34), p. 3921). Values for Zid can be assessed from an analogous 
table for identity f-trees to that given in [l; Table 5, p. 3931 for f-trees. Here we 
require x=sf(qd) and b=f - 1 to be used in (6.1). Also note that using [l; (35), 
p. 3921 then (6.3) can be written as 
gzid) 
( > 
(f- I)“-z’d) 
pm--a y-- (6.4) 
where a=(f- l)!(1’(f-2)). 
The corresponding formula for ff(‘) is [l; (36), p. 3921 
(f-l)” z) 
(6.5) 
where z is the smallest diameter for which [l; (30), p, 3911 represents an acceptable 
approximation. 
From (3.1) and (6.2), we have, for large enough r, 
uf (‘) - 
Sf(‘_ l)f_’ 
(f-l)! 
- q(r- 1) - Sf(‘) (6.6) 
(cf. [l; (39), p. 3931). 
From (4.2), (6.1) and (6.6) we obtain, for the number of identity rooted f-trees 
with root-diameter r: 
Sf m f 
W,(r>-sf(‘+l)+-- 
Sr(‘- 1)f 
_f! f! . (6.7) 
’ Throughout this text ab’ means acb’). 
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Note that the right hand side of (6.7) can be written as 
Thus 
+(r)* 
wf(r) - - 
f! 
(6.8) 
and this is of the same form as [l; (40), p. 3931. 
Similarly, for identity f-trees of even diameter d = 2r, we can obtain, using (5. l), 
(6.1), (6.5) and (6.7) 
If (2r) 
uf(rV q(rV 
- - - - - H+(r). 
f! f! 
(6.9) 
For identity f-trees of odd diameter d = 2r - 1, results (5.2), (6.1) and (6.6) yield 
Zf(2r- 1) - +uf(r)2 - +sf(r)2. (6.10) 
Results (6.9) and (6.10) should be compared to [l; (41) and (43), pp. 393-3941. 
7. Asymptotic fractions of identity f-trees 
In the preceding section we have shown that the asymptotic formulae for identity 
planted, rooted, and freef-trees all have the same form as the corresponding asymp- 
totic results obtained for f-trees [l] unrestricted with respect to their automorphism 
group structure. To determine the asymptotic fraction of all f-trees which are iden- 
tity f-trees, a question of some interest elsewhere (see Section 8) we shall use the 
asymptotic results (6.4) and (6.5) for the numbers of identity, sf(r), and un- 
restricted, tf(r), planted f-trees with root-diameter I r. As noted in Section 6, Zid 
is the least diameter one should use in order to attain an acceptable approximation 
for sf(r) as expressed by (6.4). Due to the fact that tf(r)>sf(r), if qd is used in 
place of z in (6.5), then tf(r) will certainly be within the prespecified level of 
acceptable approximation. 
Let p(r) be the fraction of planted f-trees having root-diameter r which are iden- 
tity f-trees. Then, using (6.6) of Section 6 and [l; (39), p. 3931, we have 
of(r) sf (r) 
p(r) E - - - 
q(r) tf (4 ’ 
(7. I) 
Thus, from (6.4), (6.5) and the comment of the preceding paragraph, we obtain 
(f - l)‘/(fp 1Y’d 
(7.2) 
Let p,(r) denote the fraction of rootedf-trees having root-diameter r and which are 
identity f-trees. Then, by definition, pR(r)= Wf(r)/Rf(r), where R,-(r) is the 
number of rootedf-trees with root-diameter r and [l; (40), p. 3931 Rf(r) - tf(r)f/f!. 
Combining this with the asymptotic relation 
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W,(T)-+(T)~/~! (see (6.8) and (7.1)) we obtain 
f 
- pWf. (7.3) 
Similarly, let p,(d) = Zf (d)/&(d) be the fraction of (free) f-trees which are iden- 
tity f-trees. The following asymptotic formulae for the denominator of pT(d) are 
given in [l; (41), p. 393 and (43), p. 3941. 
tf @If 
Nf (2r) - -. 
f! ’ 
Nf w- 1) - +tr (r)? 
Thus, using (6.9), (7.1) and (7.3) we have 
f 
- &If - PR@)- 
By using (6.10) and (7.1) we obtain 
sf (4 ( > 2 pT(2r- 1) - - tf (4 - pW2. 
(7.5) 
(7.6) 
We summarise our results pertaining to the asymptotic behaviour of the fraction 
of identity f-trees in the classes of planted, rooted and free trees as the root- 
diameter, or diameter goes to 00 as follows: 
Tree class Asymptotic fraction of identity f-trees in class 
planted f-trees 
(f-lY/(f-1)‘” 
(see 7.2) 
rooted f-trees 
free f-trees 
pRQQf (see 7.3) 
p,(d) - 
p(r)f if d = 2r 
p(r)2 if d=2r-1 
(see 7.5, 7.6) 
8. Other asymptotic results 
The earliest published result on the asymptotic behavior 
identity graphs is the following; among graphs of fixed order 
large n, 
of the proportion of 
n, asymptotically, for 
Almost all graphs are identity graphs. (8.1) 
This result is attributed to Riddel [ 161 (see Harary and Palmer [ 17; p. 2061). A proof 
based on an asymptotic formula of Polya can be found in Ford and Uhlenbeck 118; 
IV p. 1641. Other proofs can be found in Erdos and RCnyi [ 19; Theorem 1 and see 
p. 2981 and in [17; p. 2061. 
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There are two other results of special interest. First, Erdos and Renyi [19; 
Theorem 2 and see p. 2981 commented on the ‘striking difference between finite and 
infinite graphs’ when showing that 
Almost no infinite order graphs are identity graphs. 
Second, Ford and Uhlenbeck [IS, IV p. 1661 proved that 
(8.2) 
Almost no trees are identity trees. (8.3) 
More detailed statements and proofs of the latter can be found in Schwenk [20] 
and in Harary, Robinson and Schwenk [21]. For asymptotic results and proof 
methods in general see [ 17; Chapter 91. 
To compare our results on the properties of identityf-trees amongf-trees, which 
we have obtained as functions of the diameter (see summary at the end of Section 7), 
to the analogous proportions of trees expressed as functions of the number of 
points, we review the known results of this type. 
Let U,, denote the number of identity planted trees on n + 1 points. This number 
is the same as the number of identity rooted trees on n points [21; p. 4901. Then, 
U,, - Ap-‘/r~~‘~ (8.4) 
where 
A = 0.362 5364 . . . and fi = 0.397213 I . . . 
(see [21; p. 493 and p. 5021. Note. The above values of A and p are corrected values 
of these constants.) 
Let T, denote the number of rooted trees on n points. Then, 
T,, - Bv-“/n3’2 (8.5) 
where 
B=0.4399237... and v = 0.338 3219 . . . 
(see [17; Theorem p. 2131, [22; pp. 22-231, [23] and [24]). 
Thus, the proportion of identity rooted trees among rooted trees on n points satis- 
fies the asymptotic relation: 
= (0.8241)(0.8517)” (8.6) 
Let u, denote the number of identity trees on n points. Then, 
u, - ap 
-n/n5/2 (8.7) 
where 
a=0.2993883... and ,u = 0.397213 1 . . . 
(see [21. pp. 494 and 5.21. Note. The above values of a and p are corrected values 
of these constants.) 
Let t,, denote the number of trees on n points. Then, 
ttl - b u-n/n5’2 (8.8) 
Counting and coding identity trees 155 
where 
b = 0.534948 5 . . . and u=O.3383219... 
(see [17; Theorem p. 2141, [22; pp. 22-231, [23] and [24]). 
Hence, the proportion of identity trees among trees on n points satisfies the 
asymptotic relation: 
= (0.5597)(0.8517)“. (8.9) 
Asymptotic formulae for trees having bounded degree and a specified number of 
points have the same form as those for trees without degree restrictions. This was 
shown by Polya [25] (see [22; p. 23) for maximum degree 4 and in general by Bailey, 
Kennedy and Palmer [3] whose results are as follows. 
Let Ti and ti denote, respectively, the number of rooted f-trees and f-trees on 
n points. Then, 
T; - CP/n3’2 (8.10) 
and 
tf n 
- CT-n/p (8.11) 
where C and c are functions of r both of which, together with r, can be computed 
using [3; equations (2.4), (2.6) and (2.1 l)]. 
For the chemically relevant case f = 4, we have available r > u = 0.338 321 9 . . . 
with 0.3551 <r<O.3552 (see Gordon and Leonis [26]). 
As far as we know, asymptotic formulae for the numbers of identityf-trees on 
n points have not yet been derived. 
For comparison with the foregoing (e.g. eqs. (8.6) and (8.9)), we re-express 
numerically the results summarised at the end of Section 7 as follows. 
In the asymptotic limit of large diameter, the fraction of identityf-trees among 
f-trees of fixed diameter is 
for planted f-trees of root-diameter r, p(r) - w:f-I”, (8.12) 
for rooted f-trees of root-diameter r, pR(r) - c#- ‘)‘, (8.13) 
for f-trees of diameter d, pT(d) - 
(#f- 1)’ if d = 2r, 
Vf - 1)’ (8.14) 
Of if d=2r-1 
where 
(8.15) 
(see eq. (7.2)). 
Using Table I and [l; Table 11, we obtain the following approximate values 
for of. 
co3 = 0.895 85 . . . , co4 = 0.924 89 . . . , 
co5 = 0.943 61 . . . , co6 = 0.963 64 . . . . 
(8.16) 
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9. Coding and decoding identity f-trees species 
It is easy to linearly order f-trees, or other tree species, and thereby assign to each 
tree an integer code. The difficulties that arise result from imposing contraints on 
the ordering schemes. In this connection, the chemical usefulness of restricting an 
ordering scheme so as to meet the following two partial ordering rules has been 
noted [ 1,6,7] : 
(9 dia(Ti) < dia(Tj) * i< j 
(ii) 7;.Cq= i<j. 
where Tj and Tj are two trees with integer codes i and j respectively, and dia(T) is 
the diameter of a tree T. 
A coding algorithm for f-trees, consistent with these rules, and suitable for com- 
puter implementation was described by Gordon and Kennedy [ 11. The central notion 
of the algorithm is that planted f-trees are ordered by induction on the root- 
diameter. Each planted f-tree of root-diameter r is associated with a non-increasing 
sequence of integer codes belonging to planted f-trees of root-diameter < r and from 
which the tree is compounded. Codes are then assigned to trees by lexicographically 
ordering their sequences of integer codes for planted f-trees from which they are 
constructed. This results in a set of formulae from which f-tree codes can readily 
be computed [l]. 
Included among the f-trees [l] are of course identity f-trees. We have examined 
the sequence of f-tree codes of identity f-trees but have to report that we can discern 
no pattern from which to recognise such trees among the class of f-trees. For 
example, the following planted 3-tree codes belong to identity planted 3-trees: 
Root-diameter Planted 3-tree codes of identity planted 3-trees* 
1 2 
2 3 
3 5, 6 
4 12, 13, 14, 17, 18, 19, 21 
5 68, 69, 70, 72, 73, 80, 81, 82, 84, 85 
91, 93, 94, 95, 97, 98, 104, 105, 138, 139 
140, 142, 143, 149, 150, 151, . . 
*N.B. Gordon and Kennedy included the rooted KI, with code 1, as a 
(trivial) planted f-tree. 
Since we are unable to produce formulae for locating f-tree codes belonging to 
identity f-trees it is desirable that we extend the algorithm of [l] to construct a 
coding for identity f-tree classes. The algorithm extends without difficulty by noting 
that wherever non-increasing sequences of f-tree codes are used in [l] they should 
be replaced by decreasing sequences of identity f-tree codes; although zero’s (corres- 
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ponding to no tree) may of course be repeated. Strictly decreasing sequences elimi- 
nate constructions using isomorphic copies of a tree and thus ensure that the results 
are trees with identity automorphism group. Having constructed the set of identity 
f-trees of (root-)diameter r, they are ordered by lexicographically arranging their 
decreasing sequences. By the same reasoning as in [l], such codings meet the two 
criteria for chemically useful codings mentioned above. We commence with identity 
planted f-tree codes in terms of which other classes of identity f-trees are then 
coded. 
Identityplantedf-trees. Let Q be an identity planted f-tree characterised (Section 3) 
by the decreasing sequence S, = { ql, q2, . . . , qi, . . . , cy_, } of known integer codes for 
identity plantedf-trees from which Q is compounded and which, necessarily, have 
smaller root-diameter than Q. Let SQ be the qth sequence in the lexicographically 
ordered list of such sequences. Then, under the algorithm, q is the integer code of 
Q and (cf. [l] and eq. (3.2)) is given by 
(41 >q2>**.>qr-,h (9.1) 
For each of the qi which are not known, eq. (9.1) is used iteratively. The iteration 
terminates, at latest, when the qi are equal to 0. (We note that, in contrast to [l], 
we have excluded K, from the class of identity planted f-trees.) 
Identity rooted f-trees. Let P be the identity rooted f-tree characterised (Section 4) 
by the decreasing sequence S, = { ql, q2, . . . , qf} of known (eq. (9.1)) integer codes 
for identity planted f-trees from which P is compounded. Then, cf. above and 
eq. (4.3), the integer code W, of P is given by 
Identity (unrooted) f-trees. Let, cf. eqs. (5.1) and (5.2), 
Tf(d) = i If(i). 
i=O 
(9.2) 
(9.3) 
Let R be an identity f-tree of diameter d characterised (Section 5) by the decreasing 
sequence S, = (4,. q2, . . . , qj} of known integer codes for identity planted f-trees 
from which R is compounded; and where j = 2 (if d is odd) or f (if d is even). Let 
rd = +(d + 1) if d is odd or rd = +d if d is even. Then (see Section 5), q1 and q2 are 
codes for identity planted f-trees of root-diameter rd. Since sf(rd - l), calculated 
from eq. (3.2), is the largest among all integer codes for planted f-trees of root- 
diameter rd - 1 (see above), and using eqs. (5.2), (5.3) and (9.3), the integer code JR 
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of R is 
JR=Tf(d-l)+ 4,-1-sf(rd-1) 
2 > 
+ q2 -q@d- 1) 
=Tf(d-l)+~{qi-l-Sf(i-~-l)} {41-sf(Td-1)-2}+q2-sf(Td-l) 
(9.4) 
when d is odd; and 
JR = T’(d-l)+ 41-1-sf(rd-1) 
2 
+q2-g~d-1)-1 
when d is even. 
The decoding problem for identity f-trees is solved by the converse use of 
eqs. (9.1)-(9.5), (cf. [l]). For example, for identity planted&trees, given the integer 
code q, use eq. (9.1) to find the qi and if necessary iterate the process. Each step 
in the decoding is equivalent to solving one of a class of diophantine equations 
under strict inequality constraints, thus, q1 > q2 > ... > qi > ... > qf- ,. 
Here, as in [l] for f-trees, unique solutions to these diophantine eqs. (9.1)-(9.5) 
are guaranteed by the graph-theoretical construction. What was not given in [l] was 
an efficient algorithm for finding the unique solution. We state such a decoding 
algorithm in terms of eq. (9.1) for identity planted f-trees as follows: 
Step 1. 
Step 2. 
Step 3. 
Step 4. 
Step 5. 
Letj-1 and zl=q-1. 
If j>l define zj~Zj_i- 
Find qj as the greatest integer such that c I Zja 
Increment j by 1 and if j 5 f - 1 go to Step 2. 
When j =f the process stops and the sequence (41, q2, . . . , qf_1) has 
been found. 
For identity rooted f-trees the procedure, based on eq. (9.2), is essentially un- 
changed. For (unrooted) identity f-trees, Step 1 requires using eqs. (5.1), (5.2) and 
(9.3) to find the greatest diameter d such that Tf(d - 1)~ JR (see eqs. (9.4) and 
(9.5)) and then defining zi = JR - Tf(d - 1). Eq. (9.4) or (9.5) is then used as 
appropriate for d odd or even respectively. 
The same decoding algorithms apply, mutatis mutandis, to f-tree decoding as 
considered in [l]. 
A final remark about coding identity f-trees seems called for. As noted by Gordon 
and Kennedy [l; $7.51 in relation to coding (1, f)-trees, we point out that not all sub- 
trees of identity f-trees are themselves identity f-trees (though they are, necessarily, 
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f-trees). For some coding applications, therefore, it might be more desirable to code 
identity-j-trees indirectly, as members of the wider class off-trees, since this ensures 
that every subtree of a coded tree is also in the coded set. In this respect we refer 
again to our earlier remarks in this section concerning the interesting problem of 
recognising which of the f-tree codes correspond to identity f-trees. 
In principle any graph theoretic property of an f-tree can be computed from its 
integer code by first decoding it into a structural representation. For some properties 
(such as diameter and degree partition) it is easy to see how efficient algorithms can 
be developed which relate integer code to property directly. For other properties 
(such as automorphism group and subgraph containment) such algorithms appear 
to be more difficult. This suggests the following general problem: 
Problem. For which properties of anf-tree can efficient algorithms be given which 
allow that property to be computed directly from the f-tree code? 
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